
Beat-note locking in dual-polarization lasers submitted
to frequency-shifted optical feedback

Jérémie Thévenin,1 Marc Vallet,1,* Marc Brunel,1 Hervé Gilles,2 and Sylvain Girard2

1Institut de Physique de Rennes, UMR Université de Rennes 1, CNRS, Campus de Beaulieu,
F-35042 Rennes Cedex, France

2Centre de Recherche sur les Ions, les Matériaux et la Photonique, UMR ENSICAEN–Université de Caen–CNRS–CEA,
6 Boulevard Maréchal Juin, F-14050 Caen Cedex, France

*Corresponding author: marc.vallet@univ‐rennes1.fr

Received December 22, 2010; revised March 10, 2011; accepted March 10, 2011;
posted March 11, 2011 (Doc. ID 139995); published April 15, 2011

We derive a delay-differential equation model that describes continuous-wave (cw) or passivelyQ-switched (PQS)
two-frequency solid-state lasers submitted to frequency-shifted feedback (FSF). The study focuses on the locking
of the beat note between the two free-running laser frequencies to a reference external frequency. The locking
domain is obtained analytically in the cw regime. The PQS regime is treated by adding a saturable absorber po-
pulation in the model equations. In this case, numerical simulations permit us to evaluate a locking range that is
smaller than in the cw case. We find good agreement between the theoretical predictions and experiments carried
out with a cw diode-pumped dual-polarization Nd:YAG laser as well as with previously published experimental
results obtained with cw Er:Yb:glass [Opt. Lett. 32, 1099 (2007)] and PQS Nd:YAG [Opt. Lett. 33, 2524 (2008)]
lasers. Applications of the FSF locking technique include the lidar–radar technique, for which a highly coherent
beat note is required. © 2011 Optical Society of America

OCIS codes: 140.3430, 140.3520, 140.3580.

1. INTRODUCTION
Lasers exposed to optical feedback are the subject of numer-
ous theoretical and experimental studies, whether for practi-
cal reasons, such as the search for better laser stability, or for
academic reasons when the laser shows a generic dynamical
behavior. When the optical feedback loop includes a fre-
quency shifter, typically an acousto-optic Bragg cell, various
dynamics have been reported—especially in diode-pumped
solid-state lasers. A first class of frequency-shifted feedback
(FSF) can be identified as destabilizing. It is well known that
solid-state laser dynamics is governed by the relaxation oscil-
lation frequency f R. Hence, when the feedback light is shifted
in frequency by f close to f R, the laser is strongly destabilized
[1]. Otsuka showed that Doppler velocimetry is a useful appli-
cation of this effect in single-frequency microchip lasers [2],
while Lacot et al. further demonstrated an imaging technique
based on the same effect [3]. In addition, when the laser op-
erates in a two-frequency regime, the sensitivity of the laser to
the FSF is even stronger, as proved by Nerin et al. [4] and
Kervevan et al. [5]. Another kind of FSF scheme can also lead
to destabilization: if one imposes inside the laser cavity a
frequency shift that is far greater than f R, the laser exhibits
a nonconventional frequency spectrum, once known as a
“modeless” spectrum. This was first observed in dye lasers
by Kowalski et al. [6] and recently understood as a broadband
cyclostationary thermal spectrum [7]. In the case of solid-state
lasers, intracavity FSF can also lead to pulsed regimes [8]. The
second class of FSF can be identified as stabilizing. Indeed,
considering a dual-polarization two-frequency laser character-
ized by its beat frequency f b ≫ f R, Kervevan et al. have shown
that a feedback with a frequency shift f in the vicinity of f b can
lock this beat pulsation [9]. The continuous-wave (cw) laser
beat note can be efficiently stabilized against the usual

technical drifts. It was then demonstrated using the same
principle that a passively Q-switched (PQS) two-frequency
laser could also be stabilized. This offered a means to induce
coherence in the beat note from pulse to pulse [10]. These stu-
dies, however, lacked theoretical support. No model of two-
frequency lasers submitted to a FSF has been developed yet.

The aim of this article is hence to provide a theoretical mod-
el describing FSF two-frequency lasers, both in the cw and
PQS regimes. We propose to derive a delay-differential equa-
tion system reminiscent of the Lang–Kobayashi model [11].
The model is compared with the experimental results ob-
tained in [9,10]. In addition, we perform here experiments
with a cw diode-pumped Nd3þ:YAG laser containing a birefrin-
gent element for dual-polarization two-frequency operation.
The remainder of the article is organized as follows. In
Section 2, we introduce the laser rate equations, taking into
account the FSF term. An analytical expression of the locking
range is found in the cw case. In Section 3, the experimental
results are reported and compared with simulation results.
Finally, conclusions are given in Section 4.

2. THEORETICAL MODEL
Ordinary single-mode cw solid-state lasers are well described
by two coupled rate equations for the population inversion in
the active medium and the photon number in the laser reso-
nator [12]. In the presence of a time-delayed reinjected field, it
was shown in [1] that the Lang–Kobayashi equations first de-
rived for semiconductor lasers describe correctly the opera-
tion of rare-earth-doped lasers. Moreover, these equations can
be extended to the case of a FSF [3]. However, the case of a
dual-polarization two-frequency laser has never been analyzed
in this framework. This will be our first aim of the following
analysis. Furthermore, when a saturable absorber is inserted
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inside the cavity, a third equation governing the evolution of
the population inversion in the absorber has to be added to
predict the pulsed operation [12]. In the vectorial anisotropic
case, the absorber is well described using a set of three equa-
tions for the absorber inversion populations [13]. Our second
aim in the analysis is hence to start from the PQS laser equa-
tions and introduce the time-delayed term in order to study
the locking effects in the pulsed case. After a short description
of the setup in Subsection 2.A, the two cases of cw and
PQS lasers will be considered separately in Subsections 2.B
and 2.C.

A. Description of the System
Let us consider the laser cavity of Fig. 1, whose propagation
axis is z. It is closed with mirrors M1 and M2 and contains an
isotropic active medium AM and a pair of quarter-wave plates
QWP1;2. This linear phase anisotropy Δφx−y leads to cavity
eigenfrequencies νx and νy associated to the x and y eigenpo-
larizations [14,15]. It may also contain an optional etalon (not
shown) that enforces single-longitudinal mode operation. For
the PQS operation, a saturable absorber, SA, is inserted inside
the cavity. The laser beam contains two orthogonal linear field
components Ex and Ey. The output beam propagates through
an acousto-optic Bragg cell, AO, driven continuously by an RF
signal with a frequency f AO. Mirror M3 is aligned in order to
feed the first diffraction order back to the laser, as shown in
Fig. 1. As a result of this particular feedback scheme, the beam
coming back to the laser is frequency shifted by 2f AO. Note
that a polarization rotator, PR, for instance a Faraday rotator
or a quarter-wave plate, inserted between AO and M3 permits
us to rotate the polarization by 90°. In the model, we study the
laser fields Ex and Ey considering a feedback in which the
electric field Ex is frequency shifted and polarization rotated
along the y axis before being reinjected.

B. Model for the Continuous-Wave Regime
Starting from the two-mode rate equations [16], here with the
electric fields written in complex form, and neglecting the
spatial hole-burning effects, the population inversions of
the laser eigenstates are written as

_nx;y ¼ γ==Px;y − ½γ== þ ζðjEx;yj2 þ βjEy;xj2Þ�nx;y þ ~nx;y; ð1Þ

where γ== is the decay time of the population inversion in the
gain medium; Px;y are the pumping rates of the x and y eigen-
states, respectively; β is a coupling constant accounting for

cross-saturation in the gain medium; and ~nx;y are Langevin
noise terms accounting for spontaneous emission. The rate
equations for the fields, taking the feedback term along the
y polarization into account, are written as

_Ex ¼ fi2πνx þ ½−Γx þ κðnx þ βnyÞ�=2gEx þ ~Ex; ð2Þ

_Ey ¼ fi2πνy þ ½−Γy þ κðny þ βnxÞ�=2gEy þ ~Ey

þ γeExðt − τÞeið4πf AOtþψÞ: ð3Þ

In these equations,Γx;y are the laser cavity decay rates along
the x and y directions, given by Γx;y ¼ −c=2L × ln½R1R2

ð1 − δx;yÞ2�, where R1 and R2 are the intensity reflection coeffi-
cients of mirrors M1 andM2, respectively, and δx and δy are the
single-pass loss coefficients experiencedbyx andy eigenstates
through propagation inside the cavity. κ and ζ are the constant
field–atomcoupling coefficients. Following [3], the last termon
the right-hand side of Eq. (3) is the delayed term standing for
the feedback field. It contains the frequency shift 2f AO, and τ
and ψ , which are the external round-trip time and phase shift in
the feedback cavity (between M2 and M3). γe is the feedback
strength parameter that can be written γe ¼ gΓy

ffiffiffiffiffiffi
R3

p
, where

R3 is the intensity reflection coefficient of the feedback cavity,
including the reflectivity of mirror M3, the overall diffraction
efficiency (two-pass) of the AO cell, and the transmissions
of the various optical elements. g is a constant characterizing
the spatial overlap between the feedback beam and the
intracavity laser beam [3]. Equations (1)–(3) can be
simplified by considering Ex ¼ Exei2πνxt ¼ jExjeið2πνxtþϕxÞ and
Ey ¼ Eyei2πðνxþ2f AOÞt ¼ jEyjei2πðνxþ2f AOtþϕyÞ. In addition, we take
κ ¼ ς ¼ 1, δx ¼ δy yielding Γx ¼ Γy ≡ Γ, and Px ¼ Py. We de-
fine the detuningΔν ¼ νy − νx − 2f AO.Wewrite η the excitation
ratio above threshold andn0 ¼ Γ=ð1þ βÞ the population inver-
sion at threshold. We assume a constant feedback phase,
and we take −2πνxτ þ ψ ¼ 0. Using all these simplifications,
the laser two-mode equations become

_nx;y ¼ γ==ηn0 − ðγ== þ jEx;yj2 þ βjEy;xj2Þnx;y þ ~nx;y; ð4Þ

_Ex ¼ ð−Γþ nx þ βnyÞEx=2þ ~Ex; ð5Þ
_Ey ¼ ð−Γþ ny þ βnxÞEy=2þ i2πΔνEy þ ~Ey þ γeExðt − τÞ:

ð6Þ

In the following, we use Eqs. (4)–(6) to derive analytically the
locking range that will be compared in Section 3 to the experi-
mental results. Finally, as in [3], the population noise terms are
~nx;y ¼ 0, and the electric field Langevin noise terms are as-
sumed to be proportional to the optical gain and can bewritten
as ~Ex;y ¼ ðnx;y þ βny;xÞε, where ε is a constant.

We now focus on the locking range. Deriving the evolution
of the phases from Eqs. (5) and (6), one gets the following
Adler equation:

_ϕy ¼ 2πΔν − γe
�
�
�
�

Exðt − τÞ
EyðtÞ

�
�
�
�
sin½ϕyðtÞ − ϕxðt − τÞ�: ð7Þ

This demonstrates that the feedback term may induce a
phase-locking effect. The locking range can be evaluated by
stating that the stationary state corresponds to constant

Fig. 1. Schematic of the experimental setup. Two-frequency laser:
M1 and M2, cavity mirrors; AM, active medium; QWP1;2, quarter-wave
plates; Ex;y, cross-polarized intracavity fields; νx;y, eigenfrequencies;
SA, saturable absorber (pulsed regime only). Reinjection arm: AO,
acousto-optic frequency shifter driven at frequency f AO; PR, polariza-
tion rotator; M3, mirror; Lm: matching lens; τ, feedback round-trip
time. Output: P, polarizer, Eout, output field.
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phases ϕx;y and intensities jEx;yj2. We also consider that, at
equal losses, the feedback term leads to an intensity asso-
ciated to the y eigenstate slightly larger than the one asso-
ciated to the x eigenstate, i.e., jEyj2 ≥ jExj2. The locking
range is then straightforwardly obtained from Eq. (7):

−γe=2π ≤ Δν ≤ γe=2π: ð8Þ

The dependence of the locking range on the feedback
strength will be analyzed experimentally and numerically in
Section 3. Before doing so, we extend the model to the
PQS regime.

C. Passively Q-Switched Regime
We assume that the saturable absorber, which provides the
cavity Q-switching mechanism, allows the simultaneous emis-
sion of x- and y-polarized pulses. It was shown, for example,
that an intracavity absorber consisting of a ½001�-cut Cr4þ:YAG
plate, with the ½001� crystallographic axis aligned along the
cavity optical axis, fulfills this condition if the intracavity
phase anisotropy axes are oriented at 45° with respect to
the Cr4þ:YAG axes [13]. Under this condition, we derive the
modified rate equations. First, we note that the population
inversion is left unchanged. Equation (4) will thus be used
for simulations of the PQS regime. Second, the electric field
equations become:

_Ex ¼ ð−Γþ nx þ βny − axÞEx=2þ ~Ex; ð9Þ

_Ey ¼ ð−Γþ ny þ βnx − ayÞEy=2þ i2πΔνEy þ ~Ey

þ γeExðt − τÞ: ð10Þ

Equations (9) and (10) differ from Eqs. (5) and (6) by the
saturable absorption terms. ax;y are the saturable loss coeffi-
cients along the x and y axes. When the ½100� axis is set at 45°
with respect to the x direction, they are equal to the mean of
the saturable loss coefficients associated to the ½100� and ½010�
crystallographic axes. Third, writing ax ¼ ay ¼ a, the time
evolution of the absorber is governed by

_a ¼ γaa0 − ½γa þ μ0ð1þ CaÞðjExj2 þ jEyj2Þ=2�a; ð11Þ

where a0 ¼ −c=L × lnðTaÞ is the unsaturated absorption coef-
ficient. Ta is the single-pass intensity absorption. γa is the de-
cay rate of the excited state of the absorbing transition. The
coupling coefficient μ0 is written as μ0 ¼ σa=σg, where σa (σg)
is the absorption (stimulated emission) cross section of the
absorbing (laser) transition in the absorber (gain medium)
[13]. Ca accounts for the cross-saturation in the absorber.
Finally, the population inversion at threshold then becomes
n0 ¼ ðΓþ a0Þ=ð1þ βÞ. In contrast with the cw case, here
there is no simple analytical expression for a locking range.
We will see, however, that a locking phenomenon still occurs.
Equations (4) and (9)–(11) will be numerically integrated in
Section 3 to simulate the behavior of the dual-polarization
PQS laser submitted to the FSF. For the sake of clarity regard-
ing the interpretation of the experimental observations, we
now discuss briefly the differences between unlocked and
locked pulsed beat notes [17] following Fig. 2. Let us consider
the intensity of a periodic pulse train at a repetition rate f rep

containing a beat note at frequency f b ¼ νy − νx, as depicted
schematically in Fig. 2(a). If the coherence time of the beat-
note phase ϕ ¼ ϕy − ϕx is shorter than f −1rep the beat-note co-
herence is limited to the duration of one pulse only. Then the
beat-note spectrum exhibits a smooth shape as schematized in
the left plot of Fig. 2(b). Conversely, if due to the locking me-
chanism, ϕ is constant over an infinite time, then the beat-note
spectrum is an f rep-periodic spectral comb around f b, as
schematized in the right plot of Fig. 2(b). This second case
corresponds to a perfectly coherent beat note from pulse
to pulse, locked to the local oscillator, as indicated in Fig. 2(a).
This simple Fourier analysis shows that an experimental
spectrum of the beat note permits us to check whether the
FSF turns the pulsed beat note from incoherent (or unlocked,
with a smooth spectrum) to phase locked (exhibiting an
f rep-periodic spectrum).

3. EXPERIMENTAL RESULTS AND
SIMULATIONS
The two-frequency laser used in the experiment is schema-
tized in Fig. 1. The cavity of length L ¼ 75mm is closed by a
high-reflection plane mirror M1, which is coated on the 5mm
long Nd:YAG gain crystal AM, and concave mirror M2, whose
radius of curvature is 100mm and whose intensity transmis-
sion is 1% at the lasing wavelength λ ¼ 1064nm. The Nd:YAG
is pumped by a laser diode at 808nm. A 1mm thick silica eta-
lon (not shown) ensures single-longitudinal-mode oscillation.
Two orthogonally polarized eigenstates are obtained by
introducing a pair of antireflection-coated quarter-wave plates
(QWPs) inside the cavity [14]. Here the orientations of QWP1;2

are chosen to obtain a beat frequency at around f b ¼ 180MHz.
The typical power emitted by the two-frequency laser is
10mW when pumped with 500mW.

The feedback scheme is schematized in the right-hand part
of Fig. 1. The laser output waves at frequencies νx and νy are
frequency shifted by an acousto-optic Bragg cell AO driven by
a radio frequency (RF) generator. The RF power is variable,
but power of 24dBm at the acoustic frequency f AO ¼ 90MHz
is typical. The upconverted waves in the first diffraction order

Fig. 2. (a) Schematic of a pulse train (repetition rate f rep) carrying
a beat note locked to 2f AO. (b) Schematic of the output RF spectra
corresponding to (left) an incoherent beat note at f b delivered by a
free-running laser, or to (right) a fully coherent beat note locked to
f b ¼ 2f AO.
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are fed back to the laser after one round trip in a polarization
rotating setup (see PR in Fig. 1). It includes an antireflection-
coated quarter-wave plate whose neutral axes are rotated at
45° with respect to the x and y directions, and a high-
reflection mirror M3. The feedback cavity length is 75 cm, cor-
responding to a round-trip time of 5ns. A lens Lm is inserted
for matching the feedback mode to the laser mode. Following
the wave at the initial frequency of νx (and supposing νy > νx),
we find that, after one complete round trip inside the feedback
cavity, this wave seeds the laser with a frequency of νx þ 2f AO
and a polarization parallel to the y eigenstate. When the laser
beat frequency approaches the doubled driving frequency of
the AO (jΔνj ≤ γe), phase locking is expected to occur. Note
that, in contrast to [9], the other wave at frequency νy is also
fed back to the laser, but with an upconverted frequency away
from the laser eigenfrequencies. It does not affect the laser
behavior. Monitoring the optical spectrum with a Fabry–Perot
analyzer, we verified that it does not contain any component
at νy − νx þ 2f AO and that the laser oscillates in a pure two-
frequency regime at all times. The beam in diffraction order
0 provides the useful output signal that is sent through a po-
larizer oriented at 45° with respect to the laser eigenpolariza-
tion directions (x and y). This output field (labeled Eout) is
detected thanks to a 2GHz bandwidth photodiode connected
to either an oscilloscope or a spectrum analyzer.

A. Continuous-Wave Two-Frequency Laser
In free-running operation, i.e., without feedback, the laser
beat note fluctuates due to technical noises with a typical rate
of 10kHz=s around the value of 180MHz. When feedback is
applied, different behaviors are observed depending on the
values of the detuning Δν and of the feedback strength γe.
Both parameters are driven by the AO cell (f AO and diffraction
efficiency). Note that, in order to take into account possible
polarization-dependent diffraction efficiency, we report the
mean diffraction efficiency over one round trip inside the
AO cell. First, we choose f AO ¼ 89:5MHz and a RF power
of 24dBm, which leads to a diffraction efficiency of 56%.
These values correspond to a detuning Δν of about 1MHz
and a feedback reflectivity R3 of about 0.2. Figure 3(a) shows
the electrical spectrum of the output beam. One can see two
peaks: the peak on the right-hand side corresponds to the beat
note between the two eigenstates Ex and Ey, and the peak on
the left-hand side corresponds to the beat note between one
eigenstate and the frequency-shifted field after one round trip
inside the feedback cavity, hence at frequency 2f AO. In this
case, the detuning is obviously outside the locking range.
When the RF frequency is swept by a few hundred kilohertz
more, there is a sudden jump of the beat note to the reference
frequency 2f AO. Locking occurs, and the resulting spectrum
contains a single beat line at frequency 2f AO, as shown in
Fig. 3(b). 2f AO can then be tuned by 1:6MHz, and the beat note
stays locked. In the locking range, a close inspection of
the peak reveals that the beat note replicates perfectly the
RF synthesizer line. Indeed, as one can see in the inset of
Fig. 3(b), the peak has an instrument-limited full-width at
half-maximum (FWHM) of 1Hz.

The locking range is governed by Eq. (8). The only experi-
mental parameter that we can actuate in a reproducible way is
the diffraction efficiency. Figure 4 reports the measured lock-
ing range when the RF power of the AO cell is varied fromþ15

to þ30dBm. It corresponds to diffraction efficiencies ranging
from 10% to 90%. The evolution of the locking range is linear
and reaches almost 4MHz. This can be compared to the the-
oretical full locking range given by Eq. (8). The experimental
value of R3 is simply evaluated by the product of the diffrac-
tion efficiency times the different transmissions of the optical
elements inside the feedback cavity. The cavity loss rate is
evaluated to be Γ ¼ 4 × 107 s−1, assuming a single-pass loss
rate of δ ¼ 0:006. The theoretical expression of the full locking
range γe=π ¼ gΓ

ffiffiffiffiffiffi
R3

p
=π fits the experimental results if g ¼ 0:3.

This is a reasonable estimate of the overlapping factor. By
integrating Eqs. (4)–(6) with the standard MATLAB routine
dde23, we verified numerically that the locking range fits
the analytical expression of Eq. (8). The agreement between
the theoretical predictions and the experimental results tends
to justify the approximations used, in particular the fact that a
single round-trip in the feedback cavity has to be taken into
account. Finally, Eq. (8) is also compared to the experimental
locking range obtained with the two-frequency Er:Yb:glass
laser described in [8]. The measured 300kHz locking range
fits the theoretical value if g ≅ 0:05. Again, this is a fair
estimate of the experimental overlapping factor.

B. Passively Q Switched Two-Frequency Laser
For completeness, we recall briefly the results described
in [9]. In order to operate the laser in a pulsed passively Q-
switched regime, a ½100�-cut Cr:YAG saturable absorber crys-
tal SA, whose unsaturated intensity transmission coefficient is
Ta ¼ 0:90, is inserted between the AM and the QWPs (see
Fig. 1). The orientations of the neutral axes of crystals SA
and QWPs are chosen to obtain the simultaneous oscillation
of the two orthogonal, linearly polarized, eigenstates with a
tunable frequency difference up to c=4L [13]. The measured
characteristics of the output laser pulses are typical of Nd:
YAG lasers passively Q switched by Cr:YAG. The laser emits
a stable pulse train with a repetition rate of f rep ¼ 10kHz at a
pump power of P ¼ 0:7W. The pulse energy and duration are
3 μJ and τ ¼ 45ns (FWHM), respectively. Measurement of
the pulsed output versus time yields the result depicted in
Fig. 5(a). The beat note between the two laser eigenfrequen-
cies, here phase locked at 2f AO ¼ 185MHz, appears inside
the pulse envelope. Note that (i) the orientation of P is
experimentally adjusted in order to get a beat-note maximal
modulation depth and (ii) outside the locking range, the
output pulses are identical to the one reported in Fig. 5(a).

Fig. 3. Typical experimental spectral analysis of the output pulse
train power. Resolution bandwidth ðRBWÞ ¼ 30kHz. (a) Unlocked
beat note, i.e., Δν > γe=2π. (b) Locked beat note, i.e., Δν < γe=2π.
Inset, RBW ¼ 1Hz.
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In order to check the validity of the model in the PQS case,
we integrate Eqs. (4) and (9)–(11) with, in addition to the va-
lues given above, the following laser and absorber parameters
obtained from [13] and related references: γ== ¼ 4:35 × 103 s−1,
β ¼ 0:21, Ta ¼ 0:9, Ca ¼ 0:03, μ0 ¼ 2:875, and γa ¼ 2:50 ×
105 s−1. This leads to a0 ¼ 4:21 × 108 s−1 and n0 ¼ 3:85 ×
108 s−1. η is equal to 3. The feedback parameters defined by
our setup are τ ¼ 5 ns, Δν ¼ 0, and R3 ¼ 0:4. Finally, ε was
set to 10−20, and the best fit was obtained with g ¼ 0:3. The
resulting intensity jEoutj2 is plotted in Fig. 5(b) on a single-
pulse time window. The agreement with the experimental
pulse of Fig. 5(a) is remarkable and validates the model.
Besides, we verify that the simulated pulse repetition rate
f rep agrees with the experimental one. The approximations
used in the delayed differential equations are justified experi-
mentally here because the round-trip time of the laser cavity
2L=c ¼ 0:5 ns is small compared to the feedback cavity time
τ ¼ 5ns, which is itself small compared to the pulse duration
of 45ns.

We now wish to address the question of phase-locking in
this PQS regime. It was already proved in [10] that the FSF
scheme permits us to induce coherence among successive
pulses in the pulse train, i.e., there is also a locking range
in the PQS regime. Figure 6 presents the essential experimen-
tal features in the electrical spectrum of jEoutj2. First, the beat-
note spectrum of the free-running laser appears in Figs. 6(a)
and 6(b). In Fig. 6(a), one can see the spectrum centered at
185MHz, with a FWHM of about 10MHz. From the analysis of
Subsection 2.C, we know that a pulse-to-pulse phase-locked
spectrum contains a f rep-periodic frequency comb in this wide
envelope. Figure 6(b) hence displays a magnification of the

same spectrum, with a frequency span of 100 kHz. From this
smooth spectrum, we conclude that the beat-note phase is
randomized from pulse to pulse. Second, in the presence of
the feedback cavity with aΔν chosen close to 0, the beat-note
spectrum appears in Figs. 6(c) and 6(d). While there is little
difference on a frequency span of 80MHz [see Fig. 6(c) com-
pared to Fig. 6(a)], a magnification on the central frequency at
185MHz reveals the f rep-periodic frequency comb. FromFig. 2,
we conclude that the beat-note phase is locked in the pulse
train. We point out that the locking is experimentally robust
with respect to acoustic, mechanical, or pump power fluctua-
tions and is independent of the laser excitation rate. We aim to
compare these situations, unlocked and locked, with the simu-
lations. We now show that, while experimental locking is
straightforwardly observed with the spectrum analyzer, the
simulated locking is more easily seen on a temporal basis.

PQS equations are integrated first with a detuning Δν ¼
10MHz. The resulting output is reported in Fig. 7(a), where
both the intensity jEoutj2 and the phase difference ϕy − ϕx

are displayed. One can see here notably that the phase evolves
monotonically with a rate of 2πΔνt. There is hence no phase
locking in this case. When we set Δν ¼ 1MHz, there is a
dramatic change in the evolution of ϕy − ϕx during the pulse
[see Fig. 7(b)]. In this case, there is a clear forcing of the phase
difference due to the feedback term. Finally, with a smaller
detuning, Δν ¼ 100kHz, the same kind of behavior is ob-
served. From the analysis of many pulses in the train, we find
this behavior to be repetitive. Finally, from these simulations,
we can estimate a locking range for the PQS case. Indeed,
the slope sign change of the phase difference within each
pulse gives a relevant indication of phase locking. For the

Fig. 4. Experimental cw locking range as a function of the diffraction
efficiency of the AO.

Fig. 5. Output pulse intensity evolution versus time when f rep ¼
10 kHz and Δν ¼ 0. (a) Experimental pulse. (b) Calculated pulse with
the parameters g ¼ 0:3, R3 ¼ 0:4, and η ¼ 3.

Fig. 6. Experimental spectral analysis of the output power for two
different frequency spans. f AO ¼ 92:5MHz. (a), (b) Unlocked regime.
(c), (d) Locked regime. (a), (c) RBW ¼ 1MHz. (b), (d) RBW ¼ 300Hz.
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parameters considered here, it yields a locking range of about
3MHz (γe=2π ≈ 1:5MHz). It is worthwhile to note that a lock-
ing range calculated with Eq. (8)—derived in the cw case—
yields a value of 4:4MHz (γe=2π ¼ 2:2MHz). This reduction
of the locking range in PQS operation is also observed experi-
mentally: we have observed f rep-periodic combs in the beat-
note spectra over a roughly 200kHz locking range. We suspect
the small experimental locking range, compared to the theo-
retical one, to be due to a weak overlapping factor g or a
smaller diffraction efficiency for pulsed feedback. Note that
the simulations predict a growing locking range as the feed-
back strength is increased, and also a quite weak effect of the
delay (delays from 1 ns to 10ns gave similar numerical locking
ranges). Finally, we have numerically checked that taking into
account multiple delays for the feedback does not change the
locking range at the first order.

4. CONCLUSION
We have developed a theoretical model for two-frequency
solid-state lasers submitted to a FSF, operating in either the
cw or PQS regime. In contrast with previous rate equations
models, here the focus is made on the locking of the beat-note
frequency with respect to the driving frequency of the AO
cell. An experimental setup bearing a dual-polarization
diode-pumped Nd:YAG laser and a feedback cavity, contain-
ing an AO Bragg cell frequency shifter and a polarization

rotator, has been built. In the cw regime, we find an analytical
expression for the locking range. The agreement between the
theoretical locking range and the experimental one is good.
The PQS regime is obtained when a Cr:YAG saturable absor-
ber is inserted inside the laser cavity. Dual-polarized two-
frequency pulses are observed, and the effect of FSF is evi-
denced. Phase locking occurs when the detuning is within
a few hundred kilohertz. Here again, a good agreement is
found between the simulations and the experimental mea-
sures. This pulse-to-pulse coherent regime can find applica-
tions, e.g., in lidar-radar systems [18–20]. This study
supports previous experimental works on FSF dual-frequency
lasers. The model is validated, in particular, with respect to
the role of the feedback strength on the locking range. It
now permits further investigations on dynamical behaviors
linked to the delay [21], in particular, when the detuning is
chosen in the vicinity of the relaxation oscillation frequency.
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